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t We study string action with multiplet of G-terms added, which turns 

. out to be closely related with the bosonic sector of D = 11 superstring 

£Nj ' action [3,4]. Alternatively, the model can be considered as describing class 

CO , of special solutions of the membrane. An appropriate set of variables is 

■ find, in which the light-cone quantization turns out to be possible. It 

is shown that anomaly terms in the algebra of the light-cone Poincare 
generators are absent for the case D = 27. 
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1 Introduction 



- *— i i 

Construction of D = 11 Green- Schwarz type superstring action 
presents a nontrivial problem already at the classical level. The 
reason is that only for the dimensions D = 3,4,6, 10 the action is 
invariant under the local /t-symmetry (as well as under the global 
super symmetry) [1]. Recently it was recognized [2-6] that the prob- 
lem can be resolved if one introduces an additional vector variable 
n N into the formulation. The corresponding D = 11 action (which 
incorporates n N (r,a) as the dynamical variable) was suggested in 
[3]. Similarly to the Green-Schwarz construction, the action has 
K-symmetry which allows one to remove half of fermionic coordi- 
nates and supply free dynamics for the physical variables as well as 
the discrete mass spectrum [3,4]. Moreover, n^-independent part of 
spectrum (being classified with respect to SO(l, 9) group) was iden- 
tified with the type IIA superstring states. For the massless level 
classified with respect to SO(l, 10) group one gets the supergravity 
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multiplet in D = 11 [7-9]. Other states (presented on each mass 
level) may correspond to the states of the uncompactified M-theory 
limit [9,10]. Due to these properties one hopes that such a kind 
theory can be reasonable extension of the Green-Schwarz action to 
the case D = 11. 

The aim of this work is to investigate some quantum properties of 
the bosonic toy model inspired by D = 11 superstring action (short 
version of the work is presented in [11]). The model is specified in 
Sec. 2 by mean of its own system of the Hamiltonian constraints 
in D-dimensional Minkowski space-time. The system contains all 
the necessary information for discussion of the light-cone quantiza- 
tion (remind also that any reparametrisation invariant free theory 
is determined unambiguously by given set of the constraints). It 
is demonstrated that the light-cone quantization is possible, which 
allows one to compute algebra of the light-cone Poincare generators. 
We show that anomaly terms in the algebra are absent for the case 
D = 27. Note that generalisation of the present analysis to the 
super symmetric case is straightforward since fermionic sector of the 
superstring action do not involves of extra auxiliary fields. 

Lagrangian formulation for the model is discussed in Sec. 3. We 
present two different Lagrangian actions, both of them reproduce the 
model under consideration in the Hamiltonian formulation. The first 
action has only (D — l)-dimensional manifest Poincare invariance 
and represents string with multiplet of O-terms added [9, 16]. The 
second action has D-dimensional manifest Poincare invariance and 
turns out to be closely related with the bosonic sector of D = 11 
superstring considered in [3, 4]. 

Besides the string coordinates, D-dimensional action involves 
some auxiliary variables (in particular, the abovementioned vec- 
tor n N (r,a)). In Sec. 4 we discuss a possibility that these vari- 
ables (and the corresponding terms in the action) originate from 
the membrane action [J Namely, we select particular class of solu- 
tions of the membrane equations of motion, which preserve manifest 
d = 2 reparametrisation invariance. Our .D- dimensional action has 
the same class as a general solution of equations of motion and thus 
can be considered as a theory which describe this particular sec- 
tor of the membrane. Let us stress that contrary to the complete 
membrane theory [20, 21], the restricted version has discrete mass 
spectrum and definite critical dimension. In Conclusion we enumer- 
ate results of the work and discuss relation of the model considered 

^^Note that role of the auxiliary variables in the supersymmetric version is to supply the 
local K-symmetry. The last was established in [3, 4] by using of the same D = 11 7- matrix 
identity as for the supermembrane [18]. 
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with the bosonic sector of D = 11 superstring action. 

2 Light-cone quantization of the model and the 
critical dimension. 

Besides the standard closed string coordinates x N , p N , &n , the 
model involve a pair of the (real) conjugated variables y , ti n , where 
ir N is zero mode of the abovementioned vector n N (r, a). Our start- 
ing point is .D- dimensional Virasoro constraints (N = 0, 1, . . . , D—l) 

L ^ = \Y. ®n-k®k = °! L n = - ^ Oin-k^k = °! (!) 
Z Vfc Z Vfc 

accompanied by the following second class system 

7T N a» = 0, = 0, n ? 0; (2) 

T^ctf = 0, n N x N = 0, (3) 

which implies 7^ 0. Below we will omit expressions for the left 

moving oscillators a N . The cases of 50(1, D — l) and SO(2, D — 2) 
group will be considered simultaneously: rj NM = (rj^ , t/- 0-1 ' 0-1 = 
r)), V = ±1, rT = (-,+,...,+), (i,u = 0,1,. ..,D - 2. The 
parameter rj is not fixed (except the restrictions which follow from 
the constraints) throughout the work, but is expected to be fixed in 
the super symmetric version [4]. The string tension is chosen to be 
T = j- such that = —a^ = p N . Note that one more condition 
7r 2 = const can be added to the system (jl])-(|3|) without spoiling 
of the subsequent analysis [11]. Spectrum is formed by action on 
the vacuum of oscillator modes only [6]. So, the sector y N ,7r N can 
not produce extra negative norm states. .D- dimensional Poincare 
generators are realized as 

pN = _~iV ) jMN = ~[M p N] + iS MN + ^MN + -[M^ 

oo i 

s MN = j2-a [M n a^. (4) 

Below we present and discuss two possible interpretations for the 
system (]l])-(|3|) in the Lagrangian framework. First, equivalent to 
those of ([]])- (Q) system can be reproduced starting from action of 
(D — l)-dimensional string with multiplet of D 0-terms added (]. 

2 Note that string with one 0-term is known to be equivalent to D-string (see [16,17] and 
references therein), where it can be easily taken into account in the path integral framework. 
It can be clue to understanding of n^-dependent part of spectrum. 
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While the action has only manifest (D — l)-dimensional Poincare 
invariance, the correspondence means that it has also hidden D- 
dimensional Poincare symmetry. We show that it can be actually 
rewritten in a manifestly D-dimensional Poincare invariant form. It 
gives the second interpretation: the resulting action turns out to be 
closely related to the bosonic sector of D = 11 superstring. Namely, 
the system ([!]), (|2|) can be obtained by means of partial fixation of 
gauge for the bosonic constraints presented in the theory [6]. As it 
was shown in [3,4], these constraints (and the corresponding terms 
in the action) are essential for establishing of the K-symmetry. 

Our aim now will be to perform light-cone quantization of the 
system (|I])-([3]). Then we show that anomaly terms in the light-cone 
Poincare algebra are absent for the critical dimension being D = 27. 
Note that it is not surprising result since from Eq. it follows that 
one component of each oscillator is nonphysical degree of freedom. 
So one expects that only the remaining D — 1 components will give 
contribution into the anomaly terms, such that the condition of 
absence of the anomaly will be: D — 1 = 26. We support this 
suggestion by direct calculations. 

To quantize the theory we follow to the standard prescription 
[12,13]. The second class constraints (|2]), can be taken into ac- 
count by means of introduction of the corresponding Dirac bracket. 
For our basic variables the non zero brackets turn out to be 

{x N ,p M } = U NM = V NM - ^ir N n M 



7T 2 ' 



JVM 
NM 



[a^,a^ } = in6 n+ k,oIl 

{y N ,K M } = v 

1 CO 1 

{y N , y M } = -- 2 * [N P M] ~ i E A( fi - fi n M] + 

{x M ,y N } = ^ M x N , {p M ,y N } = ^ M p } 

(~M ~N\ 1 

{a n ,y } = -tt 



(5) 



M a N 
it* n ' 



and the same expressions for the left moving oscillators a n . Now 
Eqs.(§),(|^) can be solved 

z - 1 = —h;**?, (6) 

where z = (x,p,a n ,a n ). Since brackets for the remaining variables 
ot u ,p u , a v n , y , tt n are rather complicated, it is convenient to simplify 
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them by means of an appropriate variable change. The change turns 
out to be (where (nx) = 7t"x u through this section) 



.r 



X^ + CTC^fllX) 



= + C7T At (7Tp), 

a n = < + c7r At (7ra n ), 
y f* = y^ + c [(-Kx)p^ - (np)x^} + 



IC 



E 

n=l 



in 



TTa-nja 1 ^ + [n <-» — n) 



+ (a — sector), 



y 



D-l 



y D ~ l . 



The factor c is any solution of the equation 7r 2 c 2 +2c— rj{n 
thus 



D-l\-2 



(7) 
= 0, 



1 



7T Z 



-1 ± 



(jl'K 7T 



7T 



D-l 



The new variables obey to the canonical brackets 

{x^f} = ^\ {y N ,n M } = r ] NM , K,a£}=2mT(W (9) 

Eq. (0) is invertible, an opposite change has the same form and can be 
obtained from Eq.(^) by means of substitution z <-» z, y <-> y, c c, 
where 



7T 



■l± 7 r 2J - 1 (?77rV^ 



(10) 



Note that a variable change which leads to Eq.(|S|) is not unique. 
For example (for the Dirac bracket which corresponds to Eq.(0)) 
the following simple change 



tit - vr^^- 



.N 



y 



<& N a - 1 



n=l 



nir 



. ~N ~D-1^ 
+ «-n«n J 



gives also the canonical brackets for the new variables. The problem 
is that the Virasoro constraints, being rewritten in terms of these 
variables, will contain products of a~ oscillators: L n ~ P + ce~ + 
\{ 7l+ ) 2 J2k=o a n-k a k + • • •• It do not allows one to resolve the con- 
straints in the light-cone gauge. In contrast, our change (|7|) leads 
to the "linearised" form of the constraints. Namely, substitution of 
Eqs.(P), (0) into Eq. ([!]) gives the expressions 



Z Vfe 



0, L r , 



\Y. a n-k a k, 
Z Vfc 
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L + L = (p») 2 + $>V£ + = 0, (12) 



fc=l 



L„-L„ = ^(qV£-«=0. // = 0,l,...,£>-2 (13) 

k=l 

which contain the variables a^, a£ only. Now the light-cone quan- 
tization can be carried out in the standard form [7,14,15]. One im- 
poses the gauge x + = a+ = a+ = 0, then the variables p~,a~,a~ 
can be expressed through the remaining (D-3)-dimensional oscilla- 
tors a l n , a l n , % = 1, 2, ...,£)- 3 

£«=^E«U«L 4 r = ^bT + E«-^- (i4) 

Z Vfc Z fc=l 

The oscillators are arranged in the normal order, the corresponding 
normal ordering constant a is included into the expression for . 
By using of Eqs.([|), (0), (|T4] ) one obtains the light-cone Poincare 



generators which can be presented as 

P" = Pf D _ 1) +g^(irPp-i)), 

J"" = J(D-l)+^ ] , 
P^ 1 = i^^Vj^^P^!)), (15) 

The quantities Pp-i), J(d-i) coincide with the standard (D — 1)- 
dimensional Poincare generators of the closed string 

P(D-i) = i ^(d-i) = ' + iS 1 * + , 

OO 1 

r = E-«W, (i6) 

where it is implied that Eq.(|T4"|) was substituted. Note that — M 2 = 
(P M ) 2 + 7/(P D_1 ) 2 = (p M ) 2 from which it follows that the last from 
Eq. (|1^) actually gives the mass formula. Thus, in terms of the new 
variables (]?]), D- dimensional Poincare generators of the theory are 
presented through the usual (D — l)-dimensional one. It makes anal- 
ysis of the anomaly terms an easy task. By construction, commu- 
tators of the quantities ([15]) form D-dimensional Poincare algebra 
modulo to the terms which can arise in the process of reordering 
of oscillators to the normal form. The quantities fll5| ) have the 
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following structure: A(y,ir) + B(tt)C^d-i)(x,P, a, a), where C(d-i) 
represents the generators (|16|). Then structure of any commutator 
is 



A\y, n),A 2 (y, tt)] + [A(y, tt), B(tt)] C (d _ 1} + 



(17) 



The first two terms can not contain of ordering ambiguoutes. So 
the only source of the anomaly can be commutators of (D — 1)- 
dimensional generators fllTf). The dangerous commutator is known 
to be J(£)_i) > J(d-i ' which must be zero. Its manifest form is 

[J 



J- TJ- 1 

(£>-!)> J (D-1)J 



(P 



E 

n=l 



1 
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-)-2n](«!! n ^+«^) 



which is actually zero on the constraint surface ( |13"D and under the 
conditions 



D = 27, 



2. 



(19) 



Note that in terms of the variables (0) the same critical dimension 
arises immediately in the old covariant quantization framework also, 
since the no-ghost theorem can be applied without modifications to 
Eqs.(P 



3 Lagrangian formulation for the model. 



We have established that the constraint system ([TJ)-([3]) presents ex- 
ample of a model with the critical dimension D = 27. So, it is 
interesting to discuss Lagrangian formulation which reproduces this 
Hamiltonian system. It is convenient to start from the partially re- 
duced formulation with variables (0), since in this case there is no 
of crossing terms among the string coordinates and the auxiliary 
ones (compare fll2|) , fljjD with dH)-©. Then the theory is specified 
by the variable set x u (r,a), p u (r,a), y , n N and by the standard 
(D — l)-dimensional Virasoro constraints flT2|) , (|13|). It prompts to 
consider action of (D — l)-dimensional string with multiplet of D 
6-terms added 



-5(13-1) 



1 

47T 



d 2 a 



-9 



ab 



d a x u d b x u - n N e a 



'd a Al 



(20) 



7 



ab 



where v = 0,1,..., D- 2, N = 0, 1, . . . , D - 1, e 
— 1. All the variables obey to the periodic boundary conditions. The 
Lagrangian multiplier (r, cr) supplies n N (r, a) = ir N = const on- 
shell (alternatively, U(1) D gauge invariance can be used to remove 



except the zero one: 



AN 

A 



0, A{ 



N, 



r, a) 



From this it follows that the action (20) 



all modes of A%, n N 
y N + n N T, n N (r,a) = 7T N ) 
actually leads to the desired picture in the Hamiltonian formalism. 
Being manifestly Poincare invariant in (D — 1) dimensions only, the 
action possess hidden D-dimensional Poincare symmetry, as it is 
clear from Eq . fll5D (then A^, n N are considered as D-dimensional 
Lorentz vectors). So one expects that it can be rewritten in a man- 
ifestly .D-dimensional Poincare invariant form. The relevant action 
is 



,,ab 



—9=D a x N D b x N - n N e ab d a A? 



(21) 



where D a x N = d a x N — £ a n N , and £ (r, a) is one more auxiliary field. 
Local symmetries of the theory are d = 2 reparametrizations, Weyl 
symmetry and the following transformations with the parameters 



7, a 



N 



5x 



N 



7n 



N 



SA 



N 



, n bc 

l^=D c x ; 



(22) 



6AZ=d a a N . (23) 

As it should be, total number of the parameters coincide with the 
number of primary first class constraints fl2"E|). Let us demonstrate 
that the action ( ETJ ) reproduces the equations (([])-(§) in the Hamil- 
tonian formulation. By direct application of the Dirac algorithm 
one finds the Hamiltonian 



N 



H = J da 

JV/q N t N\ , t I \ i A~f„X A \ i i \ab 



—p 2 + to{d lX N - ^n N f 
Arc 



-iV/(9i/ - £m JV ) + Unp) + MndiA ) + +Ag ) p (fl)o6 + 

+\OaPh + AfooP?? + Ka)M% ~ ±™ N ) + \? n) p N n) } , (24) 

where p^ q \ is momenta conjugate to the variable q, and A( g ) are La- 
grangian multipliers for the primary constraints. It was denoted also 
N = ^bP, N\ = ^oo. After determining of the secondary constraints 
(there are no of tertiary constraints in the problem), the complete 
constraint system can be presented in the form 

n — ■ P{A)i P(n) — U ' 



to 



6 = 4vr- 



(pJ A) 5ia;) 



A) J 



TV 



(0 



0; 



(25) 



P( 9 )a6 = 0, 



P(A) 



(26) 



= 0; 



(27) 



1 

47T 



p w ± {d x x N - 



{p\ A) d x x)^ 



P(A)P 



0. 



(2? 



Note that rank of the matrix formed by the Poisson brackets of 
the constraints depends on the value of 7r 2 . So, the sectors n 2 ^ 



and 



7T 



correspond to essentially different theories. In par- 



ticular, in the case 7r 2 = one finds the first class constraints 
7r| = 0, (p^dix) = instead of the second class pair from Eg. ([25]) . 
We restrict our consideration to the sector 7r 2 ^ 0. Then the con- 
straints (^) are of second class, while the remaining ones are of first 



class. An appropriate gauge for Eq. (|26|) is 



.aft 



ab 



V 



£o = 0, 



aN 
^0 



da' 



N 



P(A) 



(29) 



Now Eqs.(|25|), (|26|), ( |29"D can be taken into account by means of 
introduction of the Dirac bracket. Then the variables g ab , P( g ) a b, nN ', 
P{ n )i p?g\, Aq , p9^, can be omitted from consideration. The 
Dirac bracket for the remaining variables A± , pJJn , x N , p N coincide 
with the Poisson one. In the gauge chosen equations of motion for 
the sector A x , plj[) turn out to be linear 



doA 1 ; 



N 



T) 1JV 



dop\ 



IN 

A) 



0. 



(30) 



An appropriate gauge for the constraint ( |27| ) of this sector is [5, 6] 
d x A^ = 0. The only remaining degrees of freedom in this gauge are 
zero modes 



A«(T,o) = y»+^T, p^(r,a) 



TV 



jv 



const. 



(31) 



Dynamics in the sector x N , p N is governed now by the equations 
1 



d x = —p 
An 



N 



d Q p N = A-Kli N M d x d x x 



N 



(32) 



9 



where 11% = 8^ — -\tt ir M . The remaining constraints acquire 
the form 



An 



p N ±U N M d 1 x 



M 



0. 



7T N P N = 0. 



In the gauge 



N ~ N - 0, 



7T X 



(33) 



(34) 



for the last constraint, Eq.(p2|) reduce to those of the usual string, 
with the well-known solution in terms of the oscillator variables. 
Being rewritten in these terms, Eqs.(^), (|34| ) coincide with Eqs. ([[])- 
(0), as it was stated above. 

Thus, it was established canonical equivalence of the actions (|2^) 
and ( pT|) -they have the same physical sector. In particular, while 
the action (^) has only manifest (D — l)-dimensional Poincare in- 
variance, it possess also hidden D-dimensional Poincare symmetry, 
the last is given by Eqs. (|i~5D , (|i~6|) . 



The model as a special sector of the mem- 
brane. 



Particular form of the action (|2T|) was guessed above from the re- 
quirement that it reproduces the desired constraint system ([]])- (H) 
in the partially fixed gauge. In this section we discuss a possibility 
to obtain this model starting from the membrane action. Membrane 
equations of motion are intrinsically non-linear, which do not allows 
one to obtain their general solution. Some special solutions were 
considered in the literature (see [18, 22] and references therein). 
In particular, there are solutions which correspond to the massive 
particle and to the string [18]. Semiclassical quantization of the 
membrane was investigated on the ground of the spherical solution 
[23] and of the toroidal one [19]. Here we select one more class 
which turns out to be useful in the present context. We look for so- 
lutions with ansatz for the membrane coordinate x N (r,a,p) chosen 
in special form. After substitution of the ansatz into the membrane 
equations of motion they acquire the form (0), (|33|). So the action 
( |2T| ) can be considered as describing this particular sector of the 
membrane theory. 

First note that the action ([H|) can be obtained from the mem- 
brane action [19] 

S = ± I d 3 a-^= \- 1 AB d A x N d B x N + ll , (35) 

47T J l\ — 7 L J 
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by means of the following formal trick. Consider d = 2 reparametri- 
sation invariant truncation of the metric (A = (a, 2)) 



7 



ab 



9 ab (r,a) 



1 



<i2 



9 ab 9bc 



8 a c , det7 



AB 



det g 



ab . 



and of the coordinate (cylindrical membrane is considered) 



x 



N , 



T, <T, p) 



x N (r, a) 



71 



N 



P, 



(36) 



(37) 



where tt n = const. Substitution of Eqs.(|36"D, ( p7|) into Eq. (pop gives 
the expression 



47T 



o~- 



9 



(da 



x N 



N 



(3? 



Further, to avoid appearance of the fixed vector 7^ in the formula- 
tion, one introduces the dynamical variable 7T N — ► n N (r,a). The 
condition d a n N = can be incorporated into Eq . (|38D by means of 
the Lagrangian multiplier term as follows 



S 



D 



1 

471" 



(T 



-9 



ab 



(d a ~x N -^ a n N Y-e ab A N a d b n 



SA — one has n N {r,a) = % 



■ (39) 
A — const, 



From equations of motion 6 
as it is desired. The resulting action fl39|) coincides with Eq. (pTf) . 

This trick will be legitimate if the truncation (|36D, (|37| ) is consis- 
tent with the membrane dynamics. This fact can be easily demon- 
strated in the Hamiltonian formulation [22, 19]. Actually, after par- 
tial fixation of gauge, the membrane dynamics is governed by the 
equations of motion (8a = (8o,di)) 



1 



N 



8 p 



N 



Q X = —p 
47T 

Airdi (d2xd 2 x)dix N — (dixd 2 x)d2X N 



+And 2 (dixdix)d 2 x — (dixd 2 x)dix N 
and by the constraints 

ipdix) = 0, (4tt)"V + det{dixdjx) = 



(40) 



(41) 



Let us look for solutions with the ansatz 
Eqs. flioD , (|4lD gives the equations 3 

1 



Substitution into 



d x 



Air 



P 



N 



Q p N = 47^! 



d x x N - 



[rrdix) 



-7T 



N 



' 5 It is interesting to note that the ansatz x N (r, a, p) = ar" 
the collapsed [18] solutions. Namely, substitution into Eqs.(Wl) 
string dynamics [24-26] . 



It is interesting to note that the ansatz x N (r,cr,p) = i£[(rji} gives one more class of 

) leads to the tensionless 
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(Tip) = 0, (pd 1 x)=0, (4tt)-V + (d lX N - i^M^ ) =0.(42) 
The last constraint implies, in particular, p N (r,a,p) = p N (r,a 



The resulting equations (j42|) are equivalent to the system ( p^) , ([330 , 
the last was obtained from the action (0). General solution of 
the system was discussed in the previous section, which confirm 
consistency of the trick. 

Note that truncation of the type (pop, (j3~7|) can be applied to 
the supermembrane action as well. From the previous results one 
expects that the resulting supersymmetric theory has critical dimen- 
sion D = 11. 



5 Conclusion 

In this work we have presented example of the bosonic string-type 
model which can be quantized in the light-cone gauge and leads 
to the critical dimension D = 27. Two canonically equivalent 
Lagrangian actions for the model were discussed, see Eq. fl2"D|) and 
Eq.(^T|), with manifest Poincare symmetry in (D — 1) and D dimen- 
sions correspondingly. There is analogy between the action (|2~lD and 
.D-string which can be clue for understanding of n^-dependent part 
of spectrum. It was demonstrated that D-dimensional action can be 
considered as a theory which describe some class of special solutions 
of the membrane equations of motion. One expects that the trun- 
cation used can be equally applied to the supermembrane action, 
which would give supersymmetric version for the model considered. 

Note also that analysis of spectrum in the light-cone gauge is 
expected to be more complicated as compare with the standard 
case. In the gauge considered the manifest symmetry is SO(D — 3) 
while the massive states should fall into representations of the little 
group SO(D — 1). Similar situation arise for D — 11 membrane 
[18,19] and was analyzed in [8]. It was demonstrated that SO (8) 
multiplets of the first massive level for the toroidal supermembrane 
actually fall into representations of SO(10) group. We hope that the 
analogous consideration is applicable for the present well. 

To conclude, let us comment on relation between fl2"T| ) and the 
bosonic sector of D = 11 superstring [3,4]. The only difference is ap- 
pearance of the constraint tt n d\X N = instead of the last constraint 
from Eq.(|3"BD, which means that Eq.(^) is absent. One expects that 
for an appropriately chosen variables all the previous analysis can 
be repeated for this case also. The important point is that zero 
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string modes are not restricted, so quantum states of the theory (in 
particular, fields of the low-energy effective action) will be functions 
of all the momentum components p N , which can simplify analysis 
of the state spectrum. Fermionic sector of D = 11 superstring ac- 
tion do not involves of extra auxiliary fields and consist of D = 11 
Majorana spinor only. The last can be decomposed on a pair of 
the Majorana - Weyl spinors of an opposite chirality with respect 
to 50(1,9) group. From this fact and from the result D = 27 for 
the bosonic sector one expects that the critical dimension for the 
superstring presented in [3,4] is D — 11. 
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